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Abstract
We study the existence of quantum state transfer on non-integral circulant graphs. We
find that continuous time quantum walks on quantum networks based on certain circulant
graphs with 2k (k ∈ Z) vertices exhibit pretty good state transfer when there is no external
dynamic control over the system. We generalize few previously known results on pretty
good state transfer on circulant graphs, and this way we re-discover all integral circulant
graphs on 2k vertices exhibiting perfect state transfer.
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1 Introduction
We consider state transfer with respect to the adjacency matrix of a graph (see [3]). All
graphs presented are assumed to be finite, undirected and simple. Let G be a graph on n
vertices with adjacency matrix A. The transition matrix associated to G is defined by
H(t) := exp (−itA), where t ∈ R. (1)
A quantum state in a quantum network based on G is defined to be a unit vector in Cn.
The Equation 1 governs the way a quantum state evolve over time. Let eu denote the
characteristic vector corresponding to the vertex u of G. The graph G is said to exhibit
pretty good state transfer (PGST) between a pair of vertices u and v if there is a sequence
{tk} of real numbers such that
lim
k→∞
H(tk)eu = γev, where γ ∈ C and |γ| = 1. (2)
If there is a sub-sequential limit t0 of {tk} then Equation 2 gives H(t0)eu = γev, in which
case we say that there is perfect state transfer (PST) (see [4]) between u and v at time
t0. If H(t0)eu = γeu for t0 6= 0 then G is said to be periodic at u at time t0. Moreover
G is said to be periodic if it is periodic at all vertices at the same time (in that case
H(t0) = γI). Perfect state transfer is most desirable in this context, however, Godsil
[11] has shown that there are very few graphs exhibiting PST. Consequently the study
of PGST, introduced by Godsil in [10], acquired considerable attention. In [9], Godsil et
al. characterized all paths exhibiting PGST between the end vertices. Later, Coutinho
et al. [5] further investigated and found a class paths having PGST between internal
vertices. In [18], we found that a cycle on n vertices exhibits PGST if and only if n is a
power of 2. This was the first examples of non-integral circulant graphs admitting PGST.
Apart from cycles, we have also found families of non-integral circulant graphs exhibiting
PGST in [15, 18]. Several other ralavent results regarding state transfer can be found in
[2, 8, 12, 17, 16, 14, 19, 20]. We extend some pre-existing results appearing in [15, 18]
on circulant graphs admitting PGST and re-discover families of circulant graphs on 2k
vertices exhibiting PST.
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We begin with a brief introduction to Kronecker approximation theorem on simulta-
neous approximation of numbers. We apply this result to establish some relations on the
eigenvalues of a circulant graph in Lemma 2.6 and Theorem 2.8.
Theorem 1.1 (Kronecker approximation theorem). [1] If α1, . . . , αl are arbitrary real
numbers and if 1, θ1, . . . , θl are real, algebraic numbers linearly independent over Q then
for  > 0 there exist q ∈ Z and p1, . . . , pl ∈ Z such that
|qθj − pj − αj| < .
A Cayley graph over a finite abelian group (Γ,+) with the connection set S, where
0 /∈ S ⊆ Γ and {−s : s ∈ S} = S, is denoted by Cay (Γ, S). The elements of Γ are the
vertices of the graph, where two vertices a, b ∈ Γ are adjacent if and only if a − b ∈ S.
If Γ = Zn then the Cayley graph is called circulant graph. In particular, a Cayley graph
over Zn with S = {1, n− 1} is called a cycle which is denoted by Cn. The eigenvalues of
Cn are given by
λl = 2 cos
(
2lpi
n
)
, 0 ≤ l ≤ n− 1, (3)
and the associated eigenvectors are vl =
[
1, ωln, . . . , ω
l(n−1)
n
]T
, where ωn = exp
(
2pii
n
)
is the
primitive n-th root of unity.
Let the graphs G and H be defined on a common vertex set V , and the respective
edge sets E(G) and E(H). The edge union of G and H, denoted G ∪H, is a graph with
vertex set V and edge set E(G) ∪ E(H). The following result enables us to realise the
transition matrix of a Cayley graph as a product of transition matrices of its sub-graphs.
Proposition 1.2. [16] Let Γ be a finite abelian group and consider two disjoint and sym-
metric subsets S, T ⊂ Γ. Suppose the transition matrices of Cay(Γ, S) and Cay(Γ, T ) are
HS(t) and HT (t), respectively. Then Cay(Γ, S∪T ) has the transition matrix HS(t)HT (t).
A graph is called integral if all its eigenvalues are integers. Let n, d ∈ N and d be a
proper divisor of n. We denote Sn(d) = {x ∈ Zn : gcd(x, n) = d} . If D is a set containing
proper divisors of n then define Sn(D) =
⋃
d∈D
Sn(d). The set Sn(D) is called a gcd-set of
Zn. The following theorem due to W. So characterizes all integral circulant graphs.
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Theorem 1.3. [21] A circulant graph Cay (Zn, S) is integral if and only if S is a gcd-set.
Hence, for a non-integral circulant graph Cay (Zn, S), there must exist at least one
such d so that S ∩ Sn(d) is a non-empty proper subset of Sn(d).
Now we include the proof the following proposition which was mentioned in [8] without
a proof. The result gives a relation between PST and PGST in periodic graphs.
Proposition 1.4. If a graph is periodic, then it admits perfect state transfer if and only
if it admits pretty good state transfer.
Proof. It is easy to observe that if a graph G has PST then it must also have PGST. On
the other hand, suppose that a graph is periodic at τ and therefore for a vertex u of G
there exists γ ∈ C with |γ| = 1 so that H(τ)eu = γeu. For u, v ∈ V (G), the uv-th entry
of H(t) is a continuous function of real numbers. Also observe that, for t ∈ R,∣∣eTvH(t+ τ)eu∣∣ = ∣∣eTvH(t)H(τ)eu∣∣ = ∣∣eTvH(t) (γeu)∣∣ , as H(τ)eu = γeu
=
∣∣eTvH(t)eu∣∣ .
Therefore, the modulus of the uv-th entry of H(t) is a periodic continuous function and
so its image is a compact set. Since H(t) is unitary, the modulus of each entry of H(t)
is bounded by 1 for all t ∈ R. Finally, if it satisfies Equation 2 then by extreme value
theorem there exists τ0 ∈ R so that |eTvH(τ0)eu| = 1, i.e, the graph G has PST between
u and v. Hence the result follows.
In the following section we introduce some previously known results on PGST in circu-
lant graphs and after that we include the main results with some examples for convenience.
2 Pretty Good State Transfer on Circulant Graphs
We begin the discussion with few relevant results on circulant graphs exhibiting PGST
appearing in [15, 18]. It is well known that if a graph G admits PGST between two
vertices u and v then all automorphisms of G that fix u must also fix v. This leads to the
conclusion which we present as follows.
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Lemma 2.1. [18] If pretty good state transfer occurs in a circulant graph Cay (Zn, S) then
n is even and it occurs only between the pair of vertices u and u+ n
2
, where u, u+ n
2
∈ Zn.
A circulant graph G being vertex transitive, for any pair of vertices u, v in G there
exists an automorphism mapping u to v. Let A be the adjacency matrix of G. Note that
the transition matrix H(t) of G can be realised as a polynomial in A. If P is the matrix
of an automorphism of G then P commutes with A as well as H(t). If G exhibits PGST
between two vertices u and v then Equation 2 infers that
lim
k→∞
H(tk) (Peu) = γ (Pev) .
by Lemma 2.1, it is enough to find PGST in a circulant graph between the pair of vertices
0 and n
2
. Let the spectral decomposition of the adjacency matrix of Cn be A =
n−1∑
l=0
λlEl,
where El =
1
n
vlv
∗
l and λl, vl is as mentioned in Equation 3. Therefore, from Equation 1,
the transition matrix of Cn is evaluated as
H(t) = exp (−itA) =
n−1∑
l=0
exp (−iλlt)El.
Note that
(
0, n
2
)
-th entry of El is
1
n
ω
−nl
2
n . Hence (0, n2 )-th entry of H(t) is given by
H(t)0,n
2
=
1
n
n−1∑
l=0
exp (−iλlt) · ω−
nl
2
n =
1
n
n−1∑
l=0
exp [−i (λlt+ lpi)]. (4)
It is shown in [20] that if a cycle admits PST then it must be integral and this leads to
the conclusion that only C4 exhibits PST (see [2]). We further investigated and in [18],
we have found a characterization of all cycles admitting PGST.
Theorem 2.2. [18] A cycle Cn admits pretty good state transfer if and only if n = 2
k for
k ≥ 2.
In [13], it appears that the eigenvectors of a Cayley graph over an abelian group
are independent of the connection set. Therefore the set of eigenvectors of two Cayley
graphs defined over the same abelian group can be chosen to be equal. Hence we have
the following result appearing in [16].
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Proposition 2.3. [16] If S1 and S2 are symmetric subsets of an abelian group Γ then
adjacency matrices of the Cayley garphs Cay(Γ, S1) and Cay(Γ, S2) commute.
Let the eigenvalues of a circulant graph Cay(Zn, S) be θl, for l = 0, 1, . . . , n − 1. If
HS(t) is the transition matrix of Cay(Zn, S) then, by Proposition 2.3, we obtain
HS(t)0,n
2
=
1
n
n−1∑
l=0
exp [−i (θlt+ lpi)], (5)
HS(t)0,0 =
1
n
n−1∑
l=0
exp (−iθlt). (6)
A graph G is said to be almost periodic if there is a sequence {tk} of non-zero real
numbers and a complex number γ of unit modulus such that lim
k→∞
H(tk) = γI, where I is
the identity matrix of appropriate order. Since the circulant graphs are vertex transitive,
we observe that a circulant graph is almost periodic if and only if lim
k→∞
H(tk)e0 = γe0.
This implies that if a cycle admits PGST then it is necessarily almost periodic. Next we
find a connection between the time sequences of two cycles one of which exhibits PGST
and the other one is almost periodic.
Lemma 2.4. [15] Let k, k′ ∈ N and 2 ≤ k′ < k. If the cycle C2k admits pretty good
state transfer with respect to a sequence {tm} then C2k′ is almost periodic with respect to
a sub-sequence of {tm}.
Apart from the cycles, using Lemma 2.4, Theorem 2.2 has been extended in [15] to
obtain more circulant graphs on 2k vertices exhibiting PGST. Also, there we find some
circulant graphs which are almost periodic. We include the result for convenience.
Theorem 2.5. [15] Let k ∈ N and n = 2k. Also let Cay (Zn, S) be a non-integral circulant
graph. Let d be the least among all the divisors of n so that S ∩ Sn(d) is a non-empty
proper subset of Sn(d). If |S ∩ Sn(d)| ≡ 2 (mod 4) then Cay (Zn, S) admits pretty good
state transfer with respect to a sequence in 2piZ. Moreover, if |S ∩ Sn(d)| ≡ 0 (mod 4)
then Cay (Zn, S) is almost periodic with respect to a sequence in 2piZ.
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Note that Theorem 2.5 fails to decide whether Cay (Zn, S) admits PGST whenever
|S ∩ Sn(d)| ≡ 0 (mod 4). Computational results suggest that few such graphs exhibits
PGST. Consider the following example.
Example 2.1. Let n = 16, S = {1, 2, 3, 4, 12, 13, 14, 15} and consider the circulant graph
G = Cay (Zn, S). Observe that S∩Sn(1) = {1, 3, 13, 15} ( Sn(1). Thus, when considering
PGST, Theorem 2.5 is inconclusive in this case. However, calculating the
(
0, n
2
)
-th entry
of the transition matrix of G, we obtain the following outcome presented in Figure 1 with
the help of GNU Octave [6]. Later we shall show that G exhibits PGST indeed.
a0
a1
a2
a3
a4
a5
a6
a7
a8
a9
a10
a11
a12
a13
a14
a15
Figure 1: The
(
0, n2
)
-th entry of transition matrix of Cay (Zn, S) at [2∗7500∗pi, 2∗8000∗pi]∩2piZ.
Now we shall prove the following result, revisiting the proof of Lemma[6] in [18], on
the eigenvalues of circulant graphs.
Lemma 2.6. Let k, k′ ∈ N be such that n = 2k and d = 2k′ with n
d
≥ 8. Let λl, where
l = 0, 1, . . . , n − 1, be the eigenvalues of Cn. For δ > 0 there exists t ∈ 2piZ so that for
each l there exists an integer l′ such that|(λlt+ api)− 2l
′pi| < δ
n
, if l = 2k
′ · a and a is odd.
|λlt− 2l′pi| < δn , otherwise.
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Proof. We first show that the distinct positive eigenvalues of Cn are linearly independent
over Q. The eigenvalues of Cn can be realized as λl = ωln + ω−ln . Note that for 1 ≤ l ≤
2k−2 − 1, the relation λl = −λn
2
−l = −λn
2
+l = λn−l holds, and the remaining eigenvalues
λ0, λ2k−2 , λ2k−1 and λ3·2k−2 are integers. It is well known that the minimal polynomial of
ωn over Q has degree φ(n), where φ is Euler’s phi-function (see [7]). The distinct positive
eigenvalues are λl where 0 ≤ l < n4 . If the distinct positive eigenvalues are dependent over
Q then ωn will be a root of a polynomial of degree at most m = 2k−1 − 1 as ω−1n = −ωmn .
But since 2k−1 − 1 < 2k−1 = φ(2k), we conclude that the distinct positive eigenvalues are
linearly independent over Q. Now, for 1 ≤ l ≤ 2k−2 − 1, assume that
αl =

1
2
, if l = 2k
′ · a and a is odd.
0, otherwise.
By Kronecker approximation theorem, for δ > 0 there exist q,m1, . . . ,m2k−2−1 ∈ Z such
that for l = 1, . . . , 2k−2 − 1
|qλl −ml − αl| < δ
2npi
, i.e, |2qpiλl − 2mlpi − 2αlpi| < δ
n
. (7)
Since λ0, λ2k−2 , λ2k−1 and λ3·2k−2 are integers, considering t = 2qpi, we observe that for
each l = 0, 2k−2, 2k−1, 3 · 2k−2 there exists an integer l′ such that
|λlt− 2l′pi| < δ
n
.
Also for each l = 1, . . . , 2k−2 − 1, considering t = 2qpi and using Equation 7, we find
l′ =

2ml+a+1
2
, if l = 2k
′ · a and a is odd.
ml, otherwise.
such that |(λlt+ api)− 2l
′pi| < δ
n
, if l = 2k
′ · a and a is odd.
|λlt− 2l′pi| < δn , otherwise.
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Since λl = −λn
2
−l = −λn
2
+l = λn−l holds for 1 ≤ l ≤ 2k−2 − 1, considering t = 2qpi, we
conclude that for each l = 0, . . . , n− 1, there is an integer l′ such that|(λlt+ api)− 2l
′pi| < δ
n
, if l = 2k
′ · a and a is odd.
|λlt− 2l′pi| < δn , otherwise.
This completes the proof.
It is well known that if a circulant graph exhibits PGST then it is almost periodic.
In Theorem 2.5, we find that if |S ∩ Sn(d)| ≡ 0 (mod 4) then the graph Cay (Zn, S) is
almost periodic, and thus presumably many such graphs exhibits PGST. We present a
subclass of those circulant graphs admitting PGST extending Theorem 2.5.
Theorem 2.7. Let k ∈ N and n = 2k. Also let Cay (Zn, S) be a non-integral circulant
graph. Let d be the least among all the divisors of n so that S∩Sn(d) 6= ∅ and S∩Sn(d) (
Sn(d) with |S ∩ Sn(d)| ≡ 2 (mod 4). Then Cay (Zn, S) admits pretty good state transfer
with respect to a sequence in 2piZ.
Proof. First we shall prove that there exists a sequence in 2piZ with respect to which
Cay (Zn, S ∩ Sn(d)) exhibits PGST and Cay (Zn, S \ Sn(d)) is almost periodic. Let us
suppose d = 2k
′
. Since S ∩ Sn(d) 6= ∅ and S ∩ Sn(d) ( Sn(d), the set Sn(d) must have
atleast 4 elements. Therefore we must have φ
(
n
d
) ≥ 4, i.e, n
d
≥ 8.
The exponential function exp (−ix) is uniform continuous. Therefore, for  > 0, there
exists δ > 0 such that x1, x2 ∈ R and |x1− x2| < δ implies | exp (−ix1)− exp (−ix2)| < .
Now we proceed using the following steps.
Step 1: If θl denotes the eigenvalues of Cay (Zn, S ∩ Sn(d)) then
θl =
1
2
∑
s∈S∩Sn(d)
λls.
Since |S ∩ Sn(d)| ≡ 2 (mod 4), using Lemma 2.6 and triangle inequality, we obtain that
for δ > 0 there exists t ∈ 2piZ such that for each l there exists an integer l′ such that
|(θlt+ lpi)− 2l′pi| < δ
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Hence there exists t = 2piZ such that |exp [−i (θlt+ lpi)]− 1| < . Finally, by Equation 5,
if HS∩Sn(d)(t) is the transition matrix of Cay (Zn, S ∩ Sn(d)) then∣∣∣[HS∩Sn(d)(t)]0,n
2
− 1
∣∣∣ = 1
n
∣∣∣∣∣
n−1∑
l=0
(exp [−i (θlt+ lpi)]− 1)
∣∣∣∣∣ < .
This leads to the conclusion that Cay (Zn, S ∩ Sn(d)) admits PGST with respect to a
sequence {tm} (say) in 2piZ. Hence
lim
m→∞
HS∩Sn(d) (tm) e0 = en2 (8)
Step 2: If d′ be a divisor of n such that d′ < d and S ∩ Sn(d′) 6= ∅ then we have
|S ∩ Sn(d′)| ≡ 0 (mod 4). If ηl denotes the eigenvalues of Cay (Zn, S ∩ Sn(d′)) then
ηl =
1
2
∑
s∈S∩Sn(d′)
λls.
Since |S ∩ Sn(d)| ≡ 0 (mod 4), using Lemma 2.6 and triangle inequality, we can carefully
choose the same t ∈ 2piZ as in Step 1 so that for each l there exists an integer l′ such that
|ηlt− 2l′pi| < δ
Hence there exists t = 2piZ such that |exp [−iηlt]− 1| < . Finally, if HS∩Sn(d′)(t) is the
transition matrix of Cay (Zn, S ∩ Sn(d′)) then Equation 6 implies∣∣∣[HS∩Sn(d′)(t)]0,0 − 1∣∣∣ = 1n
∣∣∣∣∣
n−1∑
l=0
(exp [−iηlt]− 1)
∣∣∣∣∣ < .
This leads to the conclusion that Cay (Zn, S ∩ Sn(d′)) , where d′ < d, is almost periodic
with respect to the same sequence {tm} as obtained in Step 1. Therefore we have
lim
m→∞
HS∩Sn(d′) (tm) = I. (9)
Step 3: If d′′ be a divisor of n such that d′′ > d and S∩Sn(d′′) 6= ∅ then for s ∈ S∩Sn(d′′)
the size of each disjoint cycles appearing in Cay (Zn, {s, n− s}) is strictly less than the
size of the cycle Cn/d. In Step 1, in particular, if we consider S ∩ Sn(d) = {d,−d}
then Cay (Zn, S ∩ Sn(d)), which is disjoint union of d copies of the cycle Cn/d, admits
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PGST with respect to {tm}. Hence the cycle Cn/d, in particular, admits PGST with
respect to {tm}. Therefore, by Lemma 2.4, we have a subsequence of {tm} with respect
to which each component of Cay (Zn, {s, n− s}) , s ∈ S ∩ Sn(d′′), is almost periodic.
Hence Cay (Zn, {s, n− s}) is also almost periodic. Since s ∈ S ∩ Sn(d′′) is finite, we can
appropriately choose a subsequence {tmr} of {tm} such that for all s ∈ S ∩ Sn(d′′), the
graph Cay (Zn, {s, n− s}) is almost periodic with respect to {tmr} . Hence, by Proposition
1.2, the graph Cay (Zn, S ∩ Sn(d′′)) is almost periodic with respect to {tmr} . Therefore,
if HS∩Sn(d′′)(t) is the transition matrix of Cay (Zn, S ∩ Sn(d′′)) then
lim
m→∞
HS∩Sn(d′′) (tmr) = I. (10)
Notice that Sn(d1) ∩ Sn(d2) = ∅ whenever d1 6= d2. Therefore, by Proposition 1.2 and
using Equation 9 and Equation 10, we obtain
HS (tmr) =
 ∏
d′|n, d′<d
HS∩Sn(d′) (tmr)
 ·
 ∏
d′′|n, d<d′′
HS∩Sn(d′′) (tmr)
 ·HS∩Sn(d) (tmr)
= HS∩Sn(d′) (tmr) . (11)
Finally, by Equation 8 and Equation 11, we conclude that Cay (Zn, S) admits PGST with
respect to a sequence in 2piZ.
Recall that, in Example 2.1, the graph Cay (Zn, S) satisfying all the conditions of
Theorem 2.7 as S ∩ Sn(2) = {2, 4}. Hence Cay (Zn, S) admits PGST with respect to a
sequence in 2piZ. Using Theorem 2.7, we can find many such graphs exhibiting PGST.
However notice that if, for all d with S∩Sn(d) ( Sn(d), we have |S ∩ Sn(d)| ≡ 0 (mod 4)
then Theorem 2.7 does not apply. Consider the following example.
Example 2.2. Let n = 16, S = {1, 3, 4, 12, 13, 15} and consider the circulant graph
G = Cay (Zn, S). Observe that S ∩Sn(1) = {1, 3, 13, 15} ( Sn(1). Obtaining the
(
0, n
2
)
-th
entry of the transition matrix of G, we observe the following Figure 2 in GNU Octave [6].
The next result suggests that G exhibits PGST.
In such cases mentioned above, we show that if either n
2
or n
4
but not both is in S then
Cay (Zn, S) admits PGST. Consider the following theorem.
11
a0
a1
a2
a3
a4
a5
a6
a7
a8
a9
a10
a11
a12
a13
a14
a15
Figure 2: The
(
0, n2
)
-th entry of transition matrix of Cay (Zn, S) at [0, 500pi] ∩ (2Z+ 1) pi2 .
Theorem 2.8. Let k ∈ N, n = 2k and Cay (Zn, S) be a circulant graph with
∣∣{n
2
, n
4
} ∩ S∣∣ ≡
1 (mod 2). If each divisor d
(6= n
2
, n
4
)
of n satisfy |S ∩ Sn(d)| ≡ 0 (mod 4) then Cay (Zn, S)
admits pretty good state transfer with respect to a sequence in (2Z+ 1) pi
2
.
Proof. We have established in Lemma 2.6 that the distinct positive eigenvalues of Cn
are linearly independent over Q. For 1 ≤ l ≤ 2k−2 − 1, let us choose αl = −λl2 . By
Kronecker approximation theorem, for δ > 0 there exist q,m1, . . . ,m2k−2−1 ∈ Z such that
for l = 1, . . . , 2k−2 − 1
|qλl −ml − αl| < δ
npi
, i.e,
∣∣∣((2q + 1)pi
2
)
λl −mlpi
∣∣∣ < δ
n
. (12)
Since λ0, λ2k−2 , λ2k−1 and λ3·2k−2 are even integers, considering t = (2q + 1)
pi
2
, we observe
that for each l = 0, 2k−2, 2k−1, 3 · 2k−2 there exists an integer l′ such that
|λlt− l′pi| < δ
n
.
Since λl = −λn
2
−l = −λn
2
+l = λn−l holds for 1 ≤ l ≤ 2k−2 − 1, considering t = (2q + 1) pi2
and using Equation 12, we conclude that for each l = 0, . . . , n − 1, there is an integer l′
such that
|λlt− l′pi| < δ
n
. (13)
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Consider S ′ = S \ {n
4
, 3n
4
, n
2
}
. If θl denotes the eigenvalues of Cay (Zn, S ′) then
θl =
1
2
∑
s∈S′
λls.
Since each divisor d
(6= n
2
, n
4
)
of n satisfy |S ∩ Sn(d)| ≡ 0 (mod 4), using Equation 13
and triangle inequality, we obtain that for δ > 0 there exists t ∈ (2Z+ 1) pi
2
so that for
each l there exists an integer l′ such that
|θlt− 2l′pi| < δ
Since the exponential function is uniform continuous, for  > 0 there exists t ∈ (2Z+ 1) pi
2
such that |exp [−iθlt]− 1| < . Finally, if HS′(t) is the transition matrix of Cay (Zn, S ′)
then by Equation 6, we obtain∣∣∣[HS′(t)]0,0 − 1∣∣∣ = 1n
∣∣∣∣∣
n−1∑
l=0
(exp [−iθlt]− 1)
∣∣∣∣∣ < .
This leads to the conclusion that Cay (Zn, S ′) almost periodic with respect to a sequence
{tm} (say) in (2Z+ 1) pi2 . Hence
lim
m→∞
HS′ (tm) = I. (14)
By Proposition 1.2 and using Equation 14, we find that if HS(t) and HS\S′(t) are the
transition matrices of Cay (Zn, S) and Cay (Zn, S \ S ′), respectively, then
lim
m→∞
HS (tm) = lim
m→∞
HS\S′ (tm) . (15)
Notice that Cay
(
Zn,
{
n
2
})
is the disjoint union of path on two vertices (denoted by P2)
and Cay
(
Zn,
{
n
4
, 3n
4
})
is the disjoint union of C4. It is well known that both P2 and
C4 admits perfect state transfer at
pi
2
and are periodic at pi. Hence, by Equation 15, we
conclude that Cay (Zn, S) exhibits PGST with respect to a sequence in t ∈ (2Z+ 1) pi2 .
In Theorem 2.8, if Cay (Zn, S) is integral then it is certainly periodic at 2pi. Therefore,
by Proposition 1.4, if Cay (Zn, S) exhibits PGST then Cay (Zn, S) also exhibits PST. A
complete characterization of circulant graphs exhibiting perfect state transfer is appearing
in [2]. Notice that Theorem 2.8 in fact reveals all integral circulant graphs on 2k vertices
exhibiting PST. We present the scenario with an example.
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Example 2.3. Consider S = {1, 2, 3, 5, 6, 7} and G = Cay (Z8, S) . By Theorem 1.3, the
graph G is integral and hence it is periodic at 2pi (see the spectral decomposition of the
transition matrix). Also applying Theorem 2.8, we find that G exhibits PGST. Finally,
by Proposition 1.4, we conclude that G exhibits perfect state transfer.
Note that if a circulant graph exhibits PGST then it is almost periodic. In Theorem
2.5, we find that if |S ∩ Sn(d)| ≡ 0 (mod 4) then Cay (Zn, S) is almost periodic. It is
therefore tempting to presume that all such graph exhibits PGST, however, that is not
the case. We demonstrate this with the following example.
Example 2.4. Consider S = {1, 7, 9, 15} and G = Cay (Zn, S) , with n = 16. Let the
eigenvalues of G be θl, where l = 0, 1, . . . , n− 1. Note here that θ1 = θ4 = 0. If G admits
PGST then we have a sequence of real numbers {tk} and a complex number γ with |γ| = 1
such that (using Equation 5)
lim
k→∞
n−1∑
l=0
exp [−iθltk + lpi] = nγ.
Since the unit circle is compact, we have a subsequence {t′k} of {tk} such that
lim
k→∞
exp [−iθlt′k + lpi] = γ, for 0 ≤ l ≤ n− 1.
Now θ1 = 0 gives γ = −1 and θ4 = 0 gives γ = 1, which is absurd. Hence the graph
G does not exhibit PGST.
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